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1. INTRODUCTION

Let R be a Commutative ring. For any two R-modules M and N, Homg (M, N)
denotes the collection of all R-module homomorphisms from M to N. Since R is
a commutative ring, one can check that Hompg(M, N) is an R-module as well. We
denote the category of all R-modules and all R-module homomorphisms by Mod(R).
Let N be an R-module. Define a functor Homp(—, N) : Mod(R) — Mod(R) by
mapping each R-module M to Hompg(M, N), and each R-module homomorphism
f : My — Ms to

Hompg(f, N) : Homp (M, N) — Hompg (M, N).
g—golf

Clearly, Hompg(f, N) is an R-module homomorphism. The functor Hompg(—, N)
is left exact, i.e., it takes an exact sequence 0 — M’ — M — M” — 0 into an
exact sequence 0 — Homp(M"”,N) — Hompg(M,N) — Homp(M’,N). Recall
that Homp(—, N) is exact if and only if N is an injective R-module. So it is not
necessarily true that when we apply Hompg(—, N) on a short exact sequence, then
we get another short exact sequence. But in this process we get a long exact
sequence where some new modules will come into the picture. Those modules are
called Ext modules.

2. COMPLEXES

In this section, we discuss complexes and their homology and cohomology mod-
ules.
By a chain complex, we mean a sequence

dnt1 dn
C: = Chy1 —Cp—5Cpq1— -

of R-modules and R-module homomorphisms such that d, od,4+1 = 0 for all n € Z.
Since Image(dp+1) C Ker(d,,), we define H,(C) := Ker(d,)/Image(d,+1) to be
the n' homology module of C. If H,(C) = 0 for all n, then we say C is an ezxact
sequence.

By a cochain complex, we mean a sequence

d"* dn
D: - 5Ch == C = Crgy — -+
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of R-modules and R-module homomorphisms such that d,, od,,_1 = 0 for all n € Z.
Since Image(d,,—1) € Ker(d,,), we define H"(C) := Ker(d, )/ Image(d,,—1) to be the
™ cohomology module of D.

A morphism f : C — C’ of complexes is a family f = (f,)nez of R-module
homomorphisms f, : C,, — C, satisfying d/, o f, = fn—10d, for all n € Z, or in
other words we have a commutative diagram

dn+1 dn
e n+1*>0n*>0n_1*>~~

lfﬂ.«}l lfn ifﬂ.l
d! d

/ ’ n ’
»-*>Cn+14>0n4>c’n_l*>~u

It is easy to see that each morphism f : C — C’ of complexes induces R-module
homomorphisms H,(f) : H,(C) — H,(C') for all n € Z between the homology
modules.

Let f,g : C — C’ be two morphisms of complexes. We say that f and g are
homotopic if for each n there is a homomorphism h, : C, — C}; such that
Jn—=9n =dy 1 0hy +hy10d,. By f~ g, we mean f and g are homotopic. If
f ~ g, then they induce the same homomorphisms H,,(C) — H,(C’) on homology
modules.

Two complexes C and C’ are said to be homotopy equivalent if there exist mor-
phisms f : C — C’ and g : ' — C such that go f ~id¢ and f o g ~ id¢/, where id¢
denotes the identity morphism C — C. Homotopy equivalent complexes have the
same homology.

A sequence of complexes 0 — (' T 2 ¢ S 0 s said to be ezact if

0—Cy, ELNYGRIIN CJl — 0 is exact for every n € Z. We refer the reader to [?,
Theorem 1.3.1] for a proof of the following well-known result.

Theorem 2.1. Let 0 — C’ N ¢ 25 C" = 0 be a short exact sequence of chain
complezes. Then there are natural homomorphisms 6, : H,(C") — H,—1(C"), called
connecting homomorphisms, such that the following sequence is exact:

Hy,1(9) Hn+1(C”)
On n n
1 H,(C") H4m> H,(C) H4(9)> H,(C")
5n Hy1(C') Hrn-1(f)

Similarly, if 0 — D’ T D 5 D" 50 is a short exact sequence of cochain
complezes, then there are connecting homomorphisms 6" : H*(D") — H"1(D')
and a long exact sequence:

. " (g:) anl(rD//)
n— H™ H™
J ! - H" (D/) €] H" (D) (9) H" (D//)

n n+1
s 5 Hn+1(D/) H 2 e

O

An R-module P is said to be a projective module if it satisfies the following
universal lifting property: Given a surjection g : N — N” and a homomorphism
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u: P — N, there is a homomorphism v : P — N such that u = gov. It is easy
to see that an R-module is projective if and only if it is a direct summand of a free
R-module. So any R-module can be written as a quotient of a projective module.
Using this property, for any R-module M, we can get a chain complex

P: i —PFP, —FP,_1— - —P—FP—0
of projective R-modules P; such that
ii—=P,— P, — - — P — P - M-—0

is exact. The chain complex P is called a projective resolution of M. If R is
Noetherian and M is finitely generated, then we can take each P, to be a free
module of finite rank. We write P — M to denote a projective resolution P of
M. Let us recall the following result from [?, Theorem 2.2.6].

Theorem 2.2. Let P —= M be a projective resolution of an R-module M and let
' M — N be an R-module homomorphism. Then for every resolution Q —— N
of N, there is a morphism f : P — Q of complexes lifting f' in the sense that the
following diagram is commutative:

Py Pp—>M 0
\Lfl Lfo \Lf’
Q1 Qo ——=N 0.
The morphism f : P — Q is unique up to homotopy equivalence. O

As a corollary we obtain the following result.
Corollary 2.3. Any two projective resolutions of a module are homotopy equiva-
lent.
3. THE FUNCTORS EXT

We start this section by giving the construction of Ext modules by considering
projective resolutions of modules.

Definition 3.1. Let M and N be two R-modules. Consider a projective resolution
P: - —P, —P,1— - —P—F—0

of M. Apply the functor Homg(—, N) on P to get the following cochain complex:

Homp(P,N) : 0 2= Homp(Py, N) 2% Homp(Py, N) 2% Homp(Ps, N) — -
The n'" Ext module of the pair (M, N) is defined to be
Exty(M,N) := H"(Homg(P, N)) = Ker(®,,)/ Image(®P,,—1).

Remark 3.2. Exti(M, N) = 0 for every negative integer n. Exty(M, N) does not
depend on the choice of projective resolution of M as any two projective resolutions
of M are homotopy equivalent.

Now we give a few properties of Ext modules.

E 1. For a fized R-module N, Exti(—, N) : Mod(R) — Mod(R) is a contravariant
R-linear functor for every integer n.
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Proof. Ext's(—, N) maps an R-module M to Extz(M,N). For an R-module ho-
momorphism f : M; — M, we have to find the homomorphisms Ext(f, V) :
Ext(My, N) — Ext’%(M;,N). Consider two projective resolutions P —= M

and Q — My of M; and M, respectively. By Theorem 7?7, there is a morphism
® : P — Q (unique up to homotopy equivalence) lifting f. Applying Homg(—, N)
on ¢, we get a morphism Hompg(®, N) : Homg(Q, N) — Hompg(P, N) of cochain
complexes which induces the homomorphisms

Extz(f, N) : Extg(Ma, N) — Exty (M, N)

on cohomology modules, i.e., Extk(f, N) := H"(Hompg(®, N)). Now one can check
that Ext’s(—, N) is actually an R-linear functor. O

E 2. Two functors Homg(—, N) and Ext%(—, N) are isomorphic.

Proof. Consider a projective presentation P, — Py —— M — 0 of an R-module
M. Since Homp(—, N) is left exact, we obtain the following exact sequence

0 — Homp (M, N) — Homp(Py, N) 2% Hompg(Py, N),
which gives Homp (M, N) = Ker(Dy) = Ext% (M, N). We omit the complete proof
here because it is quite technical. O
E 3. If M is a projective R-module, or if N is an injective R-module, then
Extr(M,N)=0 foralln>1.
Proof. If M is a projective R-module, then we get the result by computing the
Ext modules using the projective resolution --- — 0 — M — 0 of M. If N is an

injective R-module, then we can use the fact that Hompg(—, V) is an exact functor
to get the required result. O

E 4. For each short exact sequence 0 — L' — L — L" — 0 of R-modules, there
ezists a long exact sequence

0 — Hompg(L",N) — Hompg(L, N) — Hompg (L', N)
— Exth(L",N) — Exth(L, N) — Exth(L',N)
— BExt3(L",N) — ---
Proof. Consider two projective resolutions P’ — L' and P” — L” of L' and L”

respectively. Then, by Horseshoe Lemma ([?, 2.2.8]), we obtain a projective reso-
lution P — L of L which yields the following split short exact sequence

(3.1) 0—P —P—P'"—0

of chain complexes. Applying Hompg(—, N) on (?7?), we get the following short
exact sequence of cochain complexes:

(3.2) 0 — Hompg(P",N) — Hompg(P,N) — Hompg(P',N) — 0.

Then we get the desired long exact sequence by Theorem 77. ([
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